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Abstract

The metric dimension of a graph, denoted by dim(G), represents the minimum number of land-
marks required to uniquely identify all vertices based on their distances to these landmarks.
This parameter plays a crucial role in interconnection networks, facilitating applications such
as efficient routing and system verification. Cyclic bipartite graphs, which model systems with
periodic structures like communication rings and circular sensor networks, present particular
challenges due to their inherent symmetry. Determining the metric dimension in such graphs is
essential for efficient vertex identification and resource optimization. In this paper, we compute
the metric dimension of 4-regular cyclic bipartite graphs, denoted by CB4,n. Specifically, for all
n ≥ 5, we establish that dim(CB4,n) = 4 when n ̸≡ 1 (mod 3), and dim(CB4,n) = 5 when
n ≡ 1 (mod 3), thus providing a precise characterization based on graph parameters. These
findings not only advance the theoretical understanding of cyclic bipartite structures, but also
offer practical implications for the design of robust network topologies, optimal sensor place-
ment in cyclic environments, and efficient localization in robotics and surveillance systems. By
minimizing the number of required landmarks, our results contribute significantly to the opti-
mization of resource allocation in structured and repetitive networks.
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1 Introduction

The concept of metric dimension in graph theory finds its roots in the practical challenge of
locating a point in a network by its distances to a selected group of reference points [24]. One of its
earliest motivations was the problem of locating satellites in space based on signals received from
a few ground stations [56]. This principle has found modern applications in areas such as robotic
navigation, where a robot must determine its location within a map from distance measurements
to certain landmarks. In communication networks, the problem arises when determining the po-
sition of a faulty node based on its distance frommonitoring devices. Similarly, in GPS technology,
satellites measure distances to known fixed stations, essentially solving a metric dimension prob-
lem. Thiswide array of applicationsmakes the study ofmetric dimension a cornerstone in discrete
mathematics and theoretical computer science.

Let G = (V (G), E(G)) be a simple connected graph with vertex set V (G) and edge set E(G).
The distance d(u, v) between any two vertices u, v ∈ V (G) is the length of the shortest path con-
necting them. For an ordered setR = {v1, v2, . . . , vk} of vertices inG, the metric representation of
a vertex u ∈ V (G)with respect to R is defined as:

r(u|R) = (d(u, v1), d(u, v2), . . . , d(u, vk)).

If every vertex in G has a unique metric representation with respect to R, then R is called a re-
solving set. The smallest cardinality among all resolving sets of G is called the metric dimension
of G, denoted by dim(G).

The concept of resolving sets and metric dimension was independently introduced by Slater
[54] and studied by Harary and Melter [22]. Subsequent foundational work was carried out by
Chartrand et al. [17] and Johnson [28], who demonstrated its significance in chemistry, particu-
larly in distinguishing structural isomers using chemical graph theory. Studies on the metric di-
mension of polycyclic aromatic hydrocarbons [5], the honeycomb rhombic torus [14], and carbon
nanotube Y-junctions [40] highlight the significance of metric dimension in chemical graph the-
ory. The computational complexity of determining the metric dimension was studied by Khuller
et al. [30], who showed that finding a minimum resolving set is NP-hard. Manuel et al. [37]
extended these results to bipartite graphs, proving the problem remains NP-complete in this set-
ting. Similar results related to computational complexity were also shown for directed graphs by
Ramesh et al. [47].

Given its computational difficulty, much of the work has focused on determining themetric di-
mension for special classes of graphs. For example, Behtoei and Erfanian [11] applied the concept
to network verification, while Sebö and Tannier [51] used the metric dimension in the problems
like combinatorial search and information theory. It has been employed in image processing and
pattern recognition tasks, including coinweighing problems [55] and geometric routing protocols
[33, 39].

Extensive studies have been conducted on the metric dimension of standard graph families
such as trees, 2-trees [12], Grassmann graphs [9], wheel related graphs [53], multi-dimensional
grids [30], and generalized fat trees [44]. The metric dimension of torus networks was investi-
gated in [36], while honeycomb networks were studied through the duality approach in [35] and
under specific conditions in [50]. Petersen graphs were studied by [52], and advanced intercon-
nection topologies like star fan graph [43], Beneš networks [37], hypercubes [10], 6-regular circu-
lant graphs [25], 8-regular circulant graphs [19], t-regular circulant graphs [57], four dimensional
Klein bottle [31] and Illiac networks [49] have also been explored. Other graph classes studied in-
clude enhanced hypercubes [48], Cayley graphs [18], unicyclic graphs [42], Kneser and Johnson
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graphs [8], Cartesian product graphs [16], and fullerene graphs [1]. Work on infinite graphs [15],
convex polytopes [32], permutation graphs [21], incidence graphs [7], and wheel-related graphs
[53] has further diversified the scope.

In parallel anddistributed computing, reliable interconnection network design is essential. The
fault-tolerant metric dimension of such networks was studied in [2], where the authors investi-
gated fractal cubic networks for their robustness. Work by Prabhu et al. [45] refined the under-
standing of silicate and butterfly networks. Irregular convex triangular networks were analyzed
in [46], offering new avenues for scalable fault-tolerant network topologies.

The study of the metric dimension in bipartite graphs is particularly important due to their
relevance in modeling real-world systems [6]. Hasni and Peng [23] have identified the chromat-
ically unique bipartite graphs. Then, Mahanani and Ismiarti [34] have classified some bipartite
graphs associated to elements and class equivalences of a finite heap. Applications range from
representing molecular structures in chemistry to construct block designs in experimental statis-
tics [29], modeling biological data in healthcare [59], and optimizing big data and cloud com-
puting platforms [58]. In coding theory, bipartite graphs form the underlying structure for many
error-correcting codes, and in computer science, they arewidely used in recommendation systems,
ranking algorithms, advertisement targeting models and data structures. Recent research has in-
creasingly focused on computing metric-related parameters for finite graphs representing drug
molecules, including those used for fosmidomycin-based antimalarial treatments [26], COVID-19
antivirals [38], and antidepressants [41]. Additionally, variants such as the locating number [4]
and partition dimension [3] have been studied for anticancer drug structures.

When compared with those efforts, the results presented in this work offer a more general
and foundational breakthrough in graph theory as the order of 4-regular cyclic bipartite graphs
depends on n, particularly by bridging algebraic properties with combinatorial metric constraints.
The basic definitions of cyclic bipartite graphs and their applications are presented in Section 2.
Themain results concerning themetric dimension, alongwith their proofs, are provided in Section
3. Finally, the conclusion and potential directions for future work are discussed in Section 4.

2 Cyclic Bipartite Graphs

Cyclic bipartite graphs, introduced by Jiang and Lu [27] are particularly notable for their utility
in network communication and error correction, addressing challenges in reliable data exchange
[13, 20]. Let x ∈ [a, b] be the set of all integers, where a, b ∈ Z. Hereafter, all the operations are
carriedwithmodulo n (if i = 2 and j = n−2, then i+j = 0). LetCB∆,n denote the cyclic bipartite
graph, where ∆ and n are two positive integers satisfying 2 ≤ ∆ ≤ n. The vertex set V (CB∆,n)
comprises two disjoint setsXa = {xa

j : 0 ≤ j ≤ n−1} andXb = {xb
j : 0 ≤ j ≤ n−1}. The edge set

E(CB∆,n) = {(xa
j , x

b
j+j′) : 0 ≤ j ≤ n − 1, 0 ≤ j′ ≤ ∆ − 1}. An example for cyclic bipartite graph

(CB4,8) is given in Figure 1. For n = 4, CB4,n is a complete bipartite graph K4,4 whose metric
dimension is 6. Hereafter, let us assume that n ≥ 5.
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Figure 1: Cyclic bipartite graph (CB4,8).

Cayley graphs, especially those derived from dihedral groups, offer a rich framework for ex-
ploration in algebraic graph theory. Owing to their symmetry and high regularity, these graphs
serve as attractive candidates for studying structural graph parameters such as the metric di-
mension. Moreover, Cayley graphs are not merely of theoretical interest; they play a crucial
role in modeling interconnection networks in parallel computing and communication systems
[18]. A particularly interesting subclass in this context is the family of 4-regular cyclic bipar-
tite graphs, which are both bipartite and Cayley graphs over dihedral groups. Specifically, these
graphs are isomorphic to Cayley graphs over dihedral groups of order 2n, with generating set
{y, xy, x2y, x3y : xn = y2 = e}.

Studying the metric dimension of CB4,n thus provides a twofold contribution: it advances
the structural theory of bipartite graphs and offers new insights into metric parameters on alge-
braically constructed Cayley graphs. While considerable attention has been paid in the literature
in computing the metric dimension of specific families of graphs such as trees, hypercubes, grids,
and circulant graphs as given in Section 1. These structures often have regularities that make them
easier to analyze. In contrast, while families like trees and grids have been thoroughly investigated,
cyclic bipartite graphs represent a compelling next step in exploring the interaction between sym-
metry, regularity, and resolvability. Their cyclic automorphisms and bipartite structure yield new
resolving set behaviors that are not trivially inferred from known results. Moreover, the CB4,n

graphs, being isomorphic to Cayley graphs over dihedral groups, offer a natural algebraic setting
to study metric dimension under group-theoretic symmetry.

In this paper, we address this gap by determining the exact metric dimension of the cyclic
bipartite graph CB4,n for all n ≥ 4. This contribution represents a meaningful advancement
in understanding how the metric dimension behaves under both cyclic and bipartite constraints.
Our results not only build on the foundational theories of graph metric parameters but also have
potential applications in fields such as network design, error correction, andmodeling of complex
systems.

3 Main Results

The motivation to investigate the metric dimension of CB4,n stems from both structural rich-
ness and algebraic significance. The regularity and symmetry of these graphsmake them ideal for
testing the boundaries of metric dimension theory. Additionally, as Cayley graphs over dihedral
groups, they encapsulate both geometric cyclicity and reflectional symmetry, traits that critically
influence the uniqueness of metric representations. This dual nature positions CB4,n as a natural
and nontrivial candidate for metric dimension analysis, rather than an arbitrary choice.

1400



K. Bharani Dharan and S. Radha Malaysian J. Math. Sci. 19(4): 1397–1415(2025) 1397 - 1415

The lower bounds for the metric dimension of cyclic bipartite graphs for n ≥ 5 are given in
Lemma 3.1 and Lemma 3.2. Then, the exact value of the metric dimension of CB4,n is presented
in Theorems 3.1 and 3.2.

Lemma 3.1. For any n ≥ 5, dim(CB4,n) ≥ 4.

Proof. Let W be any resolving set of CB4,n having cardinality less than four. Without loss of
generality, let us assume that |W | = 3, xa

0 ∈ W . Let us take the subset U of consecutive vertices
such that |Dxa

0
(U)| = 1with cardinalities 4 or 5 or 6 according as n ≡ 2 (mod 3) or n ≡ 0 (mod 3)

or n ≡ 1 (mod 3) respectively. Then, all the vertices in U need at least three more vertices fromW
to get resolved, which is a contradiction.

Due to the symmetric property of CB4,n, the above proof will hold good for any vertex
v ∈ V (CB4,n).

Lemma 3.2. For any n ≥ 7 and n ≡ 1 (mod 3), dim(CB4,n) ≥ 5.

Proof. Let us consider CB4,n with n ≡ 1 (mod 3). Without loss of generality, let us assume that
W be the resolving set of CB4,n with cardinality four. Then, the following cases will occur.

Case 1: R =
{
xa
0 , x

a
i2
, xa

i3
, xa

i4

}
.

Let us assume ir ∈
[[
ir−1 + 1,min

{
n− (4− r), ir−1 +

⌊n
2

⌋}]]
, where r ∈ {2, 3, 4}.

Then, by Table 1, for any xa
i2
, xa

i3
, xa

i4
∈ V (CB4,n), there exists at least two vertices that

are equidistant from all vertices in the set R.

Table 1: Equidistant vertices fromR =
{
xa
0 , x

a
i2

, xa
i3

, xa
i4

}
with i2 ≡ a2 (mod 3), i3 ≡ a3 (mod 3) and i4 ≡ a4 (mod 3).

a2 a3 a4 Vertices having same metric representation

0, 1 0, 1 0, 1
{
xb
1, x

b
2

}
0, 2 0, 2 0, 2

{
xb
0, x

b
1

}
1, 2 1, 2 1, 2

{
xb
2, x

b
3

}
0, 1 2 1, 2

{
xb
i3
, xb

i3+1

}
0 1 2 {

xb
i3+1, x

b
i3+2

}
2 0 1

1 0 2
{
xb
i4
, xb

i4+1

}
1 2 0

{
xa

⌈n
2 ⌉−1

, xa

⌈n
2 ⌉

}
or

{
xa
i3+⌈n

2 ⌉−1
, xa

i3+⌈n
2 ⌉

}
when n ≡ 1 (mod 6){

xb
i2+⌈n

2 ⌉+1
, xb

i2+⌈n
2 ⌉+2

}
when n ≡ 4 (mod 6)
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Case 2: R =
{
xa
0 , x

a
i2
, xa

i3
, xb

i4

}
.

Let us assume ir ∈
[[
ir−1 + 1,min

{
n− (3− r), ir−1 +

⌊n
2

⌋}]]
, where r ∈ {2, 3} and

i4 ∈ [[0, n]]. Then, by Tables 2 and 3, for any xa
i2
, xa

i3
, xb

i4
∈ V (CB4,n), there exists at least

two vertices that are equidistant from all vertices in the set R.

Table 2: Equidistant vertices fromR =
{
xa
0 , x

a
i2

, xa
i3

, xb
i4

}
when n ≡ 4 (mod 6), where i2 ≡ a2 (mod 3),

i3 ≡ a3 (mod 3) and i4 ≡ a4 (mod 3).

a2 a3 a4 Vertices having same metric representation

0 0 0
{
xb

n
2
, xb

n
2 −1

}
0 0 1

{
xb
i4−2, x

b
i4−3

}
0 0 2

{
xb
i4+2, x

b
i4+3

}
0 1 0

{
xb
i3
, xb

i3+1

}
0 1 1

{
xb
i3+1, x

b
i3+2

}
0 1 2

{
xa
i4+

n
2 −1, x

a
i4+

n
2 −2

}
or

{
xb
i3+1, x

b
i3+2

}
0 2 0, 2

{
xb
i3+2, x

b
i3+3

}
or

{
xb
i4+3, x

b
i4+3

}
or

{
xb
i2+1, x

b
i2+2

}
0 2 1

{
xb
i3
, xb

i3+1

}
1 0 0

{
xb
max{i3,i4}+2, x

b
max{i3,i4}+3

}
1 0 1

{
xa
i3+2, x

a
i3+3

}
or

{
xb

n
2
, xb

n
2 −1

}
1 0 2

{
xb
i2+

n
2 +1, x

b
i2+

n
2 +2

}
or

{
xa
i4−2, xi4−3

}
or

{
xb
i2+1, x

b
i2+2

}
1 1 0

{
xb
i4+2, x

b
i4+3

}
1 1 1

{
xa
i4+1, x

a
i4+2

}
1 1 2

{
xa
i4−2, x

a
i4−3

}
or

{
xa
i4+

n
2 −2, x

a
i4+

n
2 −1

}
1 2 0

{
xb

n
2 +1, x

b
n
2 +2

}
or

{
xb
i3+

n
2 +1, x

b
i3+

n
2 +2

}
1 2 1

{
xb
i3
, xb

i3+1

}
1 2 2

{
xb
i2+

n
2 +1, x

b
i2+

n
2 +2

}
or

{
xb
i3
, xb

i3+1

}
2 0 0

{
xb
i2+2, x

b
i2+3

}
2 0 1

{
xb
i2+

n
2 +1, x

b
i2+

n
2 +2

}
or

{
xb
i3+

n
2 +1, x

b
i3+

n
2 +2

}
2 0 2

{
xb

n
2 +2, x

b
n
2 +3

}
or

{
xb
i4+2, x

b
i4+3

}
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a2 a3 a4 Vertices having same metric representation

2 1 0, 1, 2
{
xb
i2
, xb

i2+1

}
or

{
xb
i3
, xb

i3+1

}
2 2 0, 2

{
xb
i3+2, x

b
i3+3

}
or

{
xb
i4+2, x

b
i4+3

}
2 2 1

{
xb

n
2 +1, x

b
n
2 +2

}
or

{
xb
i2
, xb

i2+1

}

Table 3: Equidistant vertices fromR =
{
xa
0 , x

a
i2

, xa
i3

, xb
i4

}
when n ≡ 1 (mod 6), where i2 ≡ a2 (mod 3),

i3 ≡ a3 (mod 3) and i4 ≡ a4 (mod 3).

a2 a3 a4 Vertices having same metric representation

0 0 0
{
xa

n
2
, xa

n
2 +1

}
0 0 1

{
xb
i4−2, x

b
i4−3

}
or

{
xb
i2+2, x

b
i2+1

}
0 0 2

{
xb
i4+2, x

b
i4+3

}
0 1 0

{
xb
i3
, xb

i3+1

}
0 1 1

{
xb
i3+1, x

b
i3+2

}
0 1 2

{
xb
i4+

n
2 −1, x

b
i4+

n
2

}
or

{
xb
i4−2, x

b
i4−3

}
0 2 0

{
xa
i3+2, x

a
i3+3

}
or

{
xa
i2−1, x

a
i2−2

}
0 2 1

{
xb
i4+⌈n

2 ⌉−1
, xb

i4+⌈n
2 ⌉

}
or

{
xb
i2+2, x

b
i2+3

}
0 2 2

{
xb
0, x

b
1

}
1 0 0

{
xb
max(i3,i4)+2, x

b
max(i3,i4)+3

}
1 0 1

{
xb
i3+2, x

b
i3+3

}
1 0, 1 2

{
xb
i4+⌈n

2 ⌉−1
, xb

i4+⌈n
2 ⌉

}
or

{
xb
i4−2, x

b
i4−3

}
or

{
xb
i4+2, x

b
i4+3

}
1 1 0

{
xb
1, x

b
2

}
1 1 1

{
xa
i4+1, x

a
i4+2

}
1 1 2

{
xb
i4+

n
2
, xb

i4+
n
2 −1

}
or

{
xa
i4+

n
2 −2, x

a
i4+

n
2 −3

}
1 2 0, 1, 2

{
xa
i2+⌈n

2 ⌉−1
, xa

i2+⌈n
2 ⌉

}
or

{
xb
2, x

b
3

}
2 0 1

{
xa
i2+⌈n

2 ⌉
, xa

i2+⌈n
2 ⌉−1

}
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a2 a3 a4 Vertices having same metric representation

2 0 0, 2
{
xb
i3+1, x

b
i3+2

}
or

{
xa
i4−1, x

a
i4

}
2 1 0, 1, 2

{
xb
i2
, xb

i2+1

}
or

{
xb
i3
, xb

i3+1

}
2 2 0, 2

{
xb
0, x

b
1

}
or

{
xb
i4+2, x

b
i4+3

}
2 2 1

{
xb
i2
, xb

i2+1

}
or

{
xb
i4+2, x

b
i4+3

}
Case 3: R =

{
xa
0 , x

a
i2
, xb

i3
, xb

i4

}
.

Let us assume i2 ∈
[[
1,
⌊n
2

⌋]]
, i3 ∈ [[0, n− 2]] and i4 ∈

[[
i3 + 1,min

{
n− 1, i3 +

⌈n
2

⌉}]]
.

Then, by Tables 4 and 5, for any xa
i2
, xb

i3
, xb

i4
∈ V (CB4,n), there exists at least two vertices

that are equidistant from all vertices in the set R.

Table 4: Equidistant vertices fromR =
{
xa
0 , x

a
i2

, xb
i3

, xb
i4

}
when n ≡ 1 (mod 6), where i2 ≡ a2 (mod 3),

i3 ≡ a3 (mod 3) and i4 ≡ a4 (mod 3).

a2 a3 a4 Vertices having same metric representation

0 0 0, 1

{
xa

⌈n
2 ⌉

, xa

⌈n
2 ⌉+1

}
or

{
xa

⌈n
2 ⌉+1

, xa

⌈n
2 ⌉+2

}
0 0 2

{
xa

⌈n
2 ⌉

, xa

⌈n
2 ⌉+1

}
or

{
xb
i4+2, x

b
i4+3

}
0 1 0

{
xb
i3+⌈n

2 ⌉−1
, xb

i3+⌈n
2 ⌉

}
or

{
xb
i4+2, x

b
i4+3

}
0 1 1

{
xb
i3+⌈n

2 ⌉
, xb

i3+⌈n
2 ⌉+1

}
or

{
xb
i4+2, x

b
i4+3

}
0 1 2

{
xb
i3+⌈n

2 ⌉−1
, xb

i3+⌈n
2 ⌉

}
or

{
xa
i2+2, x

a
i2+3

}
or

{
xa
i2−1, x

a
i2+1

}
0 2 0

{
xb
i3+⌈n

2 ⌉−1
, xb

i3+⌈n
2 ⌉

}
or

{
xb
i4−1, x

b
i4−2

}
0 2 1

{
xb
i3+⌈n

2 ⌉−1
, xb

i3+⌈n
2 ⌉

}
0 2 2

{
xa

⌈n
2 ⌉

, xa

⌈n
2 ⌉+1

}
or

{
xb
i4+2, x

b
i4+3

}
1 0 0

{
xb
i4+2, x

b
i4+3

}
1 0, 1 1

{
xb
i4+1, x

b
i4+2

}
1 0 2

{
xb
i4+⌈n

2 ⌉−1
, xb

i4+⌈n
2 ⌉

}
or

{
xa
i3
, xa

i3−1

}
1 1 0

{
xa
i4
, xa

i4−1

}
1 1 2

{
xb
i4+⌈n

2 ⌉−1
, xb

i4+⌈n
2 ⌉

}
or

{
xa
i4−2, x

a
i4−3

}
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a2 a3 a4 Vertices having same metric representation

1 2 0

{
xb
i3+⌈n

2 ⌉−1
, xb

i3+⌈n
2 ⌉

}
or

{
xa

⌈n
2 ⌉−1

, xa

⌈n
2 ⌉

}
or

{
xb
i3+2, x

b
i3+3

}
1 2 1

{
xb
i3+⌈n

2 ⌉−1
, xb

i3⌈n
2 ⌉

}
or

{
xb
i3+⌈n

2 ⌉
, xb

i3⌈n
2 ⌉+1

}
1 2 2

{
xa

⌈n
2 ⌉

, xa

⌈n
2 ⌉−1

}
or

{
xa
1 , x

a
n−1

}
2 0 0

{
xa
i2+2, x

a
i2+3

}
2 0 1

{
xa

⌈n
2 ⌉−2

, xa

⌈n
2 ⌉−3

}
or

{
xa
i2+⌈n

2 ⌉−1
, xa

i2+⌈n
2 ⌉

}
or

{
xa
i3−1, x

a
i3−2

}
2 0 2

{
xa
i2+⌈n

2 ⌉−1
, xa

i2+⌈n
2 ⌉−2

}
or

{
xb
i4+⌈n

2 ⌉−1
, xb

i4+⌈n
2 ⌉

}
2 1 0, 1

{
xa
i2+⌈n

2 ⌉−1
, xa

i2+⌈n
2 ⌉

}
or

{
xb
i4+⌈n

2 ⌉−1
, xb

i4+⌈n
2 ⌉−2

}
2 1, 2 1, 2

{
xa

⌈n
2 ⌉−1

, xa

⌈n
2 ⌉

}
or

{
xb
2, x

b
3

}
2 2 0

{
xa

⌈n
2 ⌉+1

, xa

⌈n
2 ⌉

}
or

{
xa

⌈n
2 ⌉−1

, xa

⌈n
2 ⌉

}

Table 5: Equidistant vertices fromR =
{
xa
0 , x

a
i2

, xb
i3

, xb
i4

}
when n ≡ 4 (mod 6), where i2 ≡ a2 (mod 3),

i3 ≡ a3 (mod 3) and i4 ≡ a4 (mod 3).

a2 a3 a4 Vertices having same metric representation

0 0 0
{
xa
i2+1, x

a
i2+2

}
0 0 1

{
xb
i2+

n
2
, xb

i2+
n
2 +1

}
or

{
xb
i2+

n
2
, xb

i2+
n
2 −1

}
0 0 2

{
xa
i4
, xa

i4−1

}
0 1 0

{
xa
i3−n

2 −1, x
a
i3−n

2 −2

}
or

{
xa
i3−n

2
, xa

i3−n
2 −1

}
0 1 1

{
xa
i3−n

2 −1, x
a
i3−n

2 −2

}
or

{
xa
i3−n

2 −1, x
a
i3−n

2

}
0 1 2

{
xa
i4−n

2 −1, x
a
i4−n

2 −2

}
or
{
xa
i4−n

2 −1, x
a
i4−n

2

}
0 2 0, 1

{
xa
i3−n

2 +1, x
a
i3−n

2

}
or

{
xa
i3−n

2 −1, x
a
i3−n

2 −2

}
0 2 2

{
xa
i3−n

2 −2, x
a
i3−n

2 −3

}
or

{
xa
i2+2, x

a
i2+3

}
1 0 0

{
xa
i4
, xa

i4−1

}
1 0 1

{
xb
i4+1, x

a
i4+2

}
1 0 2

{
xa
i4−n

2 −1, x
a
i4−n

2 −2

}
or

{
xa
i3
, xa

i3−1

}
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a2 a3 a4 Vertices having same metric representation

1 1 0
{
xa
i4−n

2 −3, x
a
i4−n

2 −2

}
or

{
xa
i4−n

2 −1, x
a
i4−n

2 −2

}
1 1 1

{
xa
i4−n

2 −1, x
a
i4−n

2

}
or

{
xa
i4−n

2
, xa

i4−n
2 +1

}
1 1 2

{
xa
i4−n

2 −1, x
a
i4−n

2 −2

}
or

{
xa
i4−n

2 −1, x
a
i4−n

2

}
1 2 0

{
xa
i3−n

2 −1, x
a
i3−n

2 −2

}
or

{
xa
i4−n

2 −2, x
a
i4−n

2 −1

}
1 2 1

{
xa
i3−n

2 −1, x
a
i3−n

2 −2

}
or

{
xa
i4−n

2 −2, x
a
i4−n

2 −3

}
1 2 2

{
xb
i2+

n
2
, xb

i2+
n
2 +1

}
or

{
xb

n
2 +1, x

b
n
2 +2

}
2 0 0

{
xa
i2+2, x

a
i2+3

}
2 0 1

{
xb
i2+

n
2 +2, x

b
i2+

n
2 +1

}
or

{
xb
2, x

b
3

}
or

{
xa
i3−1, x

a
i3−2

}
2 0 2

{
xb

n
2
, xb

n
2 −1

}
or

{
xa
n−2, x

a
n−3

}
2 1 0

{
xa
i3+

n
2 −1, x

a
i2+

n
2 −2

}
or

{
xa
i2+2, x

a
i2+3

}
or

{
xb
i3−1, x

b
i3+1

}
2 1 1

{
xb
i2+

n
2 +1, x

b
i2+

n
2 +2

}
or

{
xb
2, x

b
3

}
2 1 2

{
xa
i3+

n
2 +−1, x

a
i3+

n
2 −2

}
or

{
xb

n
2 +1, x

b
n
2 +2

}
or

{
xb
0, x

b
1

}
2 2 0

{
xb

n
2
, xb

n
2 −1

}
or

{
xb
i4+1, x

b
i4+2

}
or

{
xb
0, x

b
1

}
2 2 1, 2

{
xa
i4+

n
2 −1, x

a
i4+

n
2 −2

}
or

{
xb
2, x

b
3

}
or

{
xa
n−1, x

a
1

}

From the above cases, we can conclude that dim(CB4,n) ≥ 5, for any n ≥ 7 and n ≡ 1 (mod 3).

The following theorem determines the exact value of dim(CB(4, n)) for n ̸≡ 1 (mod 3) by
using the lower bound established in the Lemma 3.1 and presenting a resolving set that attains
this bound.

Theorem 3.1. For any n ≥ 5 and n ̸≡ 1 (mod 3), dim(CB4,n) = 4.

Proof. We can conclude that dim(CB4,n) ≥ 4 by Lemma 3.1. To prove that dim(CB4,n) ≤ 4, we can
give a resolving set of cardinality equal to four for the graphCB4,n. ConsiderW =

{
xa
0 , x

a
1 , x

b
1, x

b
2

}
to be the resolving set ofCB4,n, where n ̸≡ 1 (mod 3). Obviously, every vertex inW gets resolved.
So, we consider only the vertices that are not inW .

First, we can prove that every vertex of Xa not in W have a unique metric representation. For

1406



K. Bharani Dharan and S. Radha Malaysian J. Math. Sci. 19(4): 1397–1415(2025) 1397 - 1415

the vertices xa
i ,where i

(
mod

⌊n
2

⌋)
≡ 1 (mod 3), we have

d(xa
0 , x

a
i ) = d(xa

1 , x
a
i ) + 2,when i ≤

⌊n
2

⌋
,

d(xa
0 , x

a
i ) = d(xa

1 , x
a
i )− 2,when i >

⌊n
2

⌋
,

(1)

implies that the vertices xa
i ,where i

(
mod

⌊n
2

⌋)
≡ 1 (mod 3) have distinct metric representations.

For the vertices xa
i , where i

(
mod

⌊n
2

⌋)
̸≡ 1 (mod 3), we have

d(xa
0 , x

a
i ) = d(xa

1 , x
a
i ). (2)

But, for the vertices xa
i , where i

(
mod

⌊n
2

⌋)
≡ 2 (mod 3), we have

d(xb
1, x

a
i ) = d(xb

2, x
a
i ) + 2,when i ≤

⌊n
2

⌋
,

d(xb
1, x

a
i ) = d(xb

2, x
a
i )− 2,when i >

⌊n
2

⌋
,

(3)

and for the vertices xa
i , where i

(
mod

⌊n
2

⌋)
≡ 0 (mod 3), we have

d(xb
1, x

a
i ) = d(xb

2, x
a
i ). (4)

Equations (1), (2), (3) and (4) implies that every vertex xa
i ∈ Xa, where 0 ≤ i ≤ n − 1, have

distinct metric representations. Now we consider the vertices in the partition Xb.

For the vertices xb
i ,where i− 1

(
mod

⌊n
2

⌋)
≡ 1 (mod 3), we have

d(xb
0, x

b
i ) = d(xb

1, x
b
i ) + 2,when i− 1(mod n) ≤

⌊n
2

⌋
+ 1,

d(xb
0, x

b
i ) = d(xb

1, x
b
i )− 2,when i− 1(mod n) >

⌊n
2

⌋
+ 1,

(5)

implies that the vertices xb
i ,where i− 1

(
mod

⌊n
2

⌋)
≡ 1 (mod 3), have distinct metric representa-

tions.

For the vertices xb
i where, i− 1

(
mod

⌊n
2

⌋)
̸≡ 1 (mod 3), we have

d(xb
0, x

b
i ) = d(xb

1, x
b
i ). (6)

But, for the vertices xb
i , where i− 1

(
mod

⌊n
2

⌋)
≡ 0 (mod 3), we have

d(xa
0 , x

b
i ) = d(xa

1 , x
b
i ) + 2,when i− 1(mod n) ≤

⌊n
2

⌋
+ 1,

d(xa
0 , x

b
i ) = d(xa

1 , x
b
i )− 2,when i− 1(mod n) >

⌊n
2

⌋
+ 1,

(7)

and for the vertices xa
i , where i− 1

(
mod

⌊n
2

⌋)
≡ 2 (mod 3), we have

d
(
xa
0 , x

b
i

)
= d

(
xa
1 , x

b
i

)
. (8)

Equations (5), (6), (7) and (8) implies that every vertex xa
i ∈ Xb, where 0 ≤ i ≤ n−1, have distinct

metric representations. Hence, W is the resolving set for CB4,n, implies that, dim(CB4,n) = 4,
when n ̸≡ 1 (mod 3).
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Theorem 3.2. For n ≥ 5 and n ≡ 1 (mod 3), dim(CB4,n) = 5.

Proof. By Lemma 3.2, dim(CB4,n) ≥ 5, when n ≡ 1 (mod 3) can be concluded. It is sufficient to
prove that dim(CB4,n) ≤ 5, when n ≡ 1 (mod 3). For that, it is enough to show the existence of

a resolving set W , |W | = 5 exists. Now, let us assume that R =

{
xa
0 , x

a
2 , x

b
1, x

b
3, x

b
3⌊n−3

6 ⌋+5

}
is a

resolving set of CB4,n, where n ≡ 1 (mod 3).

Case 1: n ≡ 1(mod 6)

Themetric representation ofx ∈ Xa\R, with respect toR =

{
xa
0 , x

a
2 , x

b
1, x

b
3, x

b
3⌊n−3

6 ⌋+5

}
is given by the following equations:

r(xa
1 |R) =

(
2, 2, 1, 1,

n+ 2

3

)
,

r(xa
3j |R) =

(
2j, 2j, 2j + 1, 2j − 1,

(
n+ 2

3

)
− 2j

)
, j ∈

[[
1,

n− 1

6

]]
,

r(xa
3j+1|R) =

(
2j + 2, 2j, 2j + 1, 2j + 1,

(
n+ 2

3

)
− 2j

)
, j ∈

[[
1,

n− 7

6

]]
,

r(xa
3j+2|R) =

(
2j + 2, 2j, 2j + 3, 2j + 1,

(
n− 4

3

)
− 2j

)
, j ∈

[[
1,

n− 7

6

]]
,

r
(
xa

n−1
2 +3j+1

|R
)
=

(
2

(
n− 1

6
− j

)
, 2

(
n− 1

6
− j

)
, 2

(
n− 1

6
− j

)
+ 1, 2

(
n− 1

6
− j

)
+ 1, 2j + 1

)
, j ∈

[[
0,

n− 7

6

]]
,

r
(
xa

n−1
2 +3j+2

|R
)
=

(
2

(
n− 1

6
− j

)
, 2

(
n− 1

6
− j

)
, 2

(
n− 1

6
− j

)
− 1, 2

(
n− 1

6
− j

)
+ 1, 2j + 1

)
, j ∈

[[
0,

n− 7

6

]]
,

r
(
xa

n−1
2 +3j+3

|R
)
=

(
2

(
n− 1

6
− j

)
, 2

(
n− 1

6
− j

)
, 2

(
n− 1

6
− j

)
− 1, 2

(
n− 1

6
− j

)
+ 1, 2j + 3

)
, j ∈

[[
0,

n− 7

6

]]
.

This confirms that no two vertices in setXa receive identical metric representationwith
respect to R. Also, the following equations provide the metric representation of any
x ∈ Xb\R:

r
(
xb
0|R

)
=

(
1, 3, 2, 2,

n− 1

3

)
,

r
(
xb
2|R

)
=

(
1, 1, 2, 2,

n− 1

3

)
,

r
(
xb
3j+1|R

)
=

(
2j + 1, 2j − 1, 2j, 2j,

(
n− 1

3

)
− 2(j − 1)

)
, j ∈

[[
1,

n− 1

6

]]
,

r
(
xb
3j+2|R

)
=

(
2j + 1, 2j − 1, 2j + 2, 2j,

(
n− 1

3

)
− 2j

)
, j ∈

[[
1,

n− 7

6

]]
,
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r
(
xb
3j+3|R

)
=

(
2j + 1, 2j + 1, 2j + 2, 2j,

(
n− 1

3

)
− 2j

)
, j ∈

[[
1,

n− 7

6

]]
,

r
(
xb

n+5
2

|R
)
=

(
n+ 2

3
,
n+ 2

3
,
n− 1

3
,
n− 1

3
, 2

)
,

r
(
xa

n−1
2 +3j+1

|R
)
=

(
n+ 1

3
− 2j,

n+ 1

3
− 2(j − 1),

n− 1

3
− 2(j − 1),

n− 1

3
− 2(j − 1),

2j

)
, j ∈

[[
0,

n− 7

6

]]
,

r
(
xa

n−1
2 +3j+2

|R
)
=

(
n+ 1

3
− 2j,

n+ 1

3
− 2(j − 1),

n− 1

3
− 2j,

n− 1

3
− 2(j − 1), 2j

)
,

j ∈
[[
0,

n− 7

6

]]
,

r
(
xa

n−1
2 +3j+3

|R
)
=

(
n+ 1

3
− 2j,

n+ 1

3
− 2j,

n− 1

3
− 2j,

n− 1

3
− 2(j − 1), 2j + 2

)
,

j ∈
[[
0,

n− 7

6

]]
.

This shows that no two vertices in set Xb have the same metric representation with
respect to R. Hence, R is a resolving set for CB4,n, when n ≡ 1 (mod 6).

Case 2: n ≡ 4 (mod 6)

The metric representation of any x ∈ Xa\R, with respect to

R =

{
xa
0 , x

a
2 , x

b
1, x

b
3, x

b
3⌊n−3

6 ⌋+5

}
is given by the following equations:

r(xa
1 |R) =

(
2, 2, 1, 1,

n+ 2

3

)
,

r(xa
3j |R) =

(
2j, 2j, 2j + 1, 2j − 1,

(
n+ 5

3

)
− 2j

)
, j ∈

[[
1,

n− 4

6

]]
,

r(xa
3j+1|R) =

(
2j + 2, 2j, 2j + 1, 2j + 1,

(
n+ 5

3

)
− 2j

)
, j ∈

[[
1,

n− 4

6

]]
,

r(xa
3j+2|R) =

(
2j + 2, 2j, 2j + 3, 2j + 1,

(
n− 1

3

)
− 2j

)
, j ∈

[[
1,

n− 10

6

]]
,

r(xa
n+2
2

|R) =

(
n+ 2

3
,
n+ 2

3
,
n+ 2

3
− 1,

n+ 2

3
− 1, 1

)
,

r
(
xa

n−1
2 +3j+1

|R
)
=

(
n− 4

3
− 2j,

n+ 2

3
− 2j,

n+ 2

3
− 2j + 1,

n+ 2

3
− 2j + 1, 2j + 1

)
,

j ∈
[[
0,

n− 10

6

]]
,

r
(
xa

n−1
2 +3j+2

|R
)
=

(
n− 4

3
− 2j,

n+ 2

3
− 2j,

n+ 2

3
− 2j − 1,

n+ 2

3
− 2j + 1, 2j + 1

)
,

j ∈
[[
0,

n− 10

6

]]
,
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r
(
xa

n−1
2 +3j+2

|R
)
=

(
n− 4

3
− 2j,

n+ 2

3
− 2(j + 1),

n+ 2

3
− 2j − 1,

n+ 2

3
− 2j + 1, 2j + 3

)
,

j ∈
[[
0,

n− 10

6

]]
.

This confirms that no two vertices in partitionXa have samemetric representationwith
respect to R. Also, the following equations provide the metric representation of any
x ∈ Xb:

r
(
xb
0|R

)
=

(
1, 3, 2, 2,

n− 4

3

)
,

r
(
xb
2|R

)
=

(
1, 1, 2, 2,

n+ 2

3

)
,

r
(
xb
3j+1|R

)
=

(
2j + 1, 2j − 1, 2j, 2j,

(
n− 2

2

)
− 2j

)
, j ∈

[[
1,

v − 4

6

]]
,

r
(
xb
3j+2|R

)
=

(
2j + 1, 2j − 1, 2j + 2, 2j,

(
n+ 2

2

)
− 2j

)
, j ∈

[[
1,

n− 4

6

]]
,

r
(
xb
3j+3|R

)
=

(
2j + 1, 2j + 1, 2j + 2, 2j,

(
n+ 2

2

)
− 2j

)
, j ∈

[[
1,

n− 4

6

]]
,

r
(
xb

n+4
2

|R
)
=

(
n− 1

3
,
n− 1

3
,
n+ 2

3
,
n+ 2

3
, 2

)
,

r
(
xb

n
2 +3j |R

)
=

(
n− 1

3
− 2j,

n− 1

3
− 2j,

n− 4

3
− 2j,

n+ 2

3
− 2j, 2j

)
,

j ∈
[[
0,

n− 4

6

]]
,

r
(
xb

n
2 +3j+1|R

)
=

(
n− 1

3
− 2j,

n− 1

3
− 2j,

n− 4

3
− 2j,

n+ 2

3
− 2j, 2j + 2

)
,

j ∈
[[
0,

n− 4

6

]]
,

r
(
xb

n
2 +3j+2|R

)
=

(
n− 4

3
− 2j,

n− 1

3
− 2j,

n− 4

3
− 2j,

n− 4

3
− 2j, 2j + 2

)
,

j ∈
[[
0,

n− 4

6

]]
.

This shows that no two vertices in the partitionXb have the samemetric representation
with respect to R. Hence, R is a resolving set for CB4,n, when n ≡ 4 (mod 6).

From the above cases, it is concluded that dim(CB4,n) = 5, when n ≡ 1 (mod 3).

4 Conclusion

In this paper, we have determined the exact metric dimension of 4-regular cyclic bipartite
graphs CB4,n, that is dim(CB4,n) = 4when n ̸≡ 1 (mod 3) and dim(CB4,n) = 5when
n ≡ 1 (mod 3) and n ≥ 5. These results highlight a key bounded behavior of the metric dimen-
sion even as the graph order increases, which has practical implications for applications in network
topology, sensor deployment, and fault detection in cyclic structures.
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Ourfindings contribute both to the theoretical framework of resolving sets in symmetric graphs
and to practical problemswhere efficient vertex identification is crucial. A promising direction for
future research is to generalize this study to k-regular cyclic bipartite graphs for k > 4. Investigat-
ing how the metric dimension varies with increasing degree and identifying structural thresholds
can further deepen the understanding of resolving sets in regular and symmetric graph families.
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